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Abstract 

We analyze the dynamics of the flow generated by a nonlinear parabolic problem when some reaction and 
potential terms are concentrated in a neighborhood of the boundary. We assume that this neighborhood shrinks 
to the boundary as a parameter e goes to zero. Also, we suppose that the "inner boundary" of this neighborhood 
presents a highly oscillatory behavior. Our main goal here is to show the continuity of the family of attractors with 
respect to e. Indeed, we prove upper semicontinuity under the usual properties of regularity and dissipativeness 
and, assuming hyperbolicity of the equilibria, we also show the lower semicontinuity of the attractors at e = 0. 
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1 Introduction 

Let f2 C M 2 be an open bounded set with a C 2 -boundary <9fi and g e (-) a function satisfying < go ^ g t {-) < gi 
for fixed positive constants go and gi, which may oscillate as the small parameter e — » 0. This is expressed by 

g t (s) = g(s,s/e), 

where the function g : (0, T) x R i->- R, T > 0, is a positive smooth function such that y — > g(x 7 y) is Z(a;)-periodic 
in y for each x, with period l(x) uniformly bounded in (0,T), that is, < lo < l(-) < h- 

Also, let x,y <G C 2 ([0,T]) such that the curve £(s) = (x(s),y(s)), s <G [0,T], is a C 2 -parametrization of the 
boundary <9f2 with ||C'(s)|| = 1, for all s € [0,T]. We also assume that N(((s)) — (y'{s), — x'(s)) is the unit outward 
normal vector to <9f2, and we define the e-strip neighborhood for the boundary <9f2 by 

w e - {(ei 2 : £ = CW- tJV(CM), s e[0,T] and ^ t < eg € (s)} , 

for e > sufficiently small, say < e ^ eo- 

Observe that our assumptions include the case where the oscillating function g e presents a purely periodic beha- 
vior as, for instance, g e (s) = 2 + cos(s/e), but also contain the case where g e is not periodic and the amplitude is mo- 
dulated by a function. For small e, the set w £ is a neighborhood of dQ in f2, that collapses to the boundary when the 
parameter e goes to zero. Note that the "inner boundary" of oo e , e R 2 : £ = ((s) — g € (s)N(((s)), s e [0, T]} , 
presents a highly oscillatory behavior. Moreover, the height of uj e , the amplitude and period of the oscillations are 
all of the same order, given by the small parameter e. See Figure 1 that illustrates the oscillating strip w e for the 
purely periodic case. 
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Figure 1: The open set fl and the oscillating strip oj e . 
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In this work we are interested in the asymptotic behavior of the solutions of the nonlinear parabolic problem 

Au e + Xu e + lX Uc V e u e = ~X Uc f(v, e ) in O, t > 0, 

: on an, t > 0, (1.1) 

u e (0) = 4> £ G ff^fi), 

as e > goes to zero. X Ue is the characteristic function of the set LJ e , A is a suitable real number and the nonlincarity 
/ : K h-> K is a C 2 -function. We assume that there exists C > independent of e such that the family of potential 
V e G L°°(n) satisfies 

- / \V,(x,y)\ 2 dxdy^C. 

Also, we suppose there exists a function Vb G £ 2 (9r2) which is the weak limit of the concentrating term 
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(1.2) 



lim 

e^o e 



V <pdS, V^eC M ((]). 



(1.3) 
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We are using here the characteristic functions X UJt depending on a small positive parameter e modeling the 
concentration on the region w ( c!! through the term 

-x u . e L°°(Si). 



Roughly we are assuming that the reactions of the problem ( 1.1 1 occur only in an extremely oscillating thin region 
near the border. Furthermore, we also allow potential terms concentrating in this strip. In some sense, we will 
prove that this singular problem can be approximated by a parabolic problem with nonlinear boundary conditions, 
where the oscillatory behavior of the neighborhood is captured as a flux condition and a potential term on the 
boundary. 

It is reasonable to expect that the family of solutions u e will converge to a solution of an equation of the same 
type with nonlinear boundary condition on <9f2 since w e is a thin strip "approaching" <9f2. Indeed, we show that 
under certain conditions, the limit problem of (1.1 1 is the following parabolic problem with nonlinear boundary 
conditions 



du 

at 



dN 1 

{ Mo) 



Alto + Xuq = 

"0 = M/( 
*>° G H^Q), 



in fi, t > 0, 
on dQ, t > 0, 



(1.4) 
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where the boundary coefficient /i £ L°°(i9ft) is related to the oscillating function g t and is given by 



g(s,T)dr, Vs€(0,T). 



(1.5) 



l(s) JO 

As mentioned, we get a limit problem with a nonlinear boundary condition that captures the oscillatory behavior 
of the "inner boundary" of the set u> e . This nonlinear boundary condition includes the function fi(s), the mean 
value of g(s, •) for each s £ (0, T). 



We are interested in the behavior of the attractors of (1.1) and (1.4) for small e > 0. We will show that they 



are continuous at e = 0. Recall that an attractor is a compact invariant set which attracts all bounded sets of the 
phase space of a dynamical system. 

This kind of problem was initially studied in [6], where linear elliptic equations were considered. There, the 
neighborhood is a strip of width e and base in a portion of the boundary, without oscillatory behavior. Later, the 
asymptotic behavior of a parabolic problem of the same type was analyzed in [§lll0j. where the upper semicontinuity 
of attractors at e = was proved. The same technique of [B] has been used in [21 E] , where the results of [5J [5] 
were extended to a reaction-diffusion problem with delay. In these works, the boundary of the domain is smooth. 
Recently, in [1], some results of [6] were adapted to a nonlinear elliptic problem posed on a Lipschitz domain ft 
presenting a highly oscillatory behavior on the neighborhood of the boundary using some ideas of [H [7] , where 
elliptic and parabolic problems defined in thin domains with a highly oscillatory behavior have been extensively 
studied. 

The goal of our work is to extend the results of [9[ [TO] to a parabolic problem in which the "inner boundary" of 
uj e presents a highly oscillatory behavior. Moreover, assuming hyperbolicity of the equilibria of the limit problem, 
we also obtain results on the lower semicontinuity of the attractors. Our approach will be somewhat different from 
the one in ||1 [TO] and closer to the one in [T3] , where some abstract results on the continuity of invariant manifolds 
were obtained. Throughout this work, we suppose the nonlinearity / : R i— > R is a C 2 -function satisfying the 
dissipativeness assumption 



limsup < 0. 

|s|— >oo ° 



(1.6) 



It has been shown that the parabolic problems (1.1) and (1.4) are well posed in _ff 1 (f2) and, for each ^ e ^ eg 



we have well defined nonlinear semigroup in ii^(ft) associated to the solutions of (1.1) and (1.4) 



T e (t)<p = u e (t,<f>), with t > and <t> £ if 1 (ft), 



see for example [3 [12]. Moreover, under assumption (1.6), the problems (1.1) and \1A\ have a global attractor srf € , 
which is bounded in L°°(ft), uniformly in e. In particular, if the initial conditions are uniformly bounded, then all 



solutions of ( 1.1 1 and ( 1.4 1 are bounded with a bound independent of e. This enables us to cut the nonlinearity / in 



such a way that it becomes bounded with bounded derivatives up to second order without changing the attractors. 
Therefore, we may assume without loss of generality that 



(H) / : R i-> R is a C 2 -function satisfying ( 1.6 1 and 

\f(u)\ + \f'(u)\ + \f"(u)\^K, \fu£R, 

for some constant K > 0. 

Although we restrict our attention to nonlinearities independent of the spacial variable, the method can be easily 
adapted for the case / = f(x, u) depending on x £ ft. It is worth to mention that we also can consider reactions 
occurring on the whole region, instead of concentrating on the boundary. In this case, the limit problem would be 
a non-homogeneous parabolic problem in ft with nonlinear boundary conditions. 
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The paper is organized as follows: in Section[2j we describe some technical results, in particular some concerning 
the concentrating integrals defined in [BJ. In Section [3j we introduce an abstract setting to deal the problems (1.1 1 



and (1.4). In Section[4j we obtain the upper semicontinuity of attractors at e — in i? 1 (f2) and prove the continuity 



of the set of equilibria, assuming that the equilibrium points of (1.4) are hyperbolic. In Section [5j we show the 



continuity of the local unstable manifolds near a hyperbolic equilibrium, from which the lower semicontinuity of 
attractors at e = in follows. 

2 Concentrating integrals 

In this section we describe some technical results that will be needed in the sequel. Initially, we adapt some 
results from [BJ on concentrating integrals. We note that since < go ^ <7e(-) *S <?i in (0, T), uniformly in e, we have 
that the set oj e is contained in a strip of width eg% on dfl, without oscillatory behavior. 

Lemma 2.1. Suppose that v £ H S (Q) with | < s ^ 1 and s — 1 — = . Then, for sufficiently small £q, there exists 
a constant C > independent of e and v such that for any < e ^ eo , we have 



Proof. We note that 1 J \v\ q dt; ^ - J \v\ Q d£, where r e is given by 

r e = {^E 2 :e=CW-£9iiV((( S )), *g[0,T]}. (2.7) 
Thus, the result follows from [BJ Lemma 2.1]. □ 

In the following result, we describe how our concentrating integrals converge to boundary integrals. 
Lemma 2.2. Suppose that h,ip € H s (£l), with ~ < s ^ 1. Then, 

lim- / h<pd£ = I LiMh)M<p)dS, (2.8) 



where \x € L°°(3f2) is given by (1.5) and 7 : H S (Q) 1— > L 2 (d£l) is the trace operator. 
Proof. Initially, let h and <p be smooth functions defined in VL. We note that 
I r 1 f T f eg ^ 

- hipd£ = - / h(^(t,s))(p(^(t,s))\det JV(t,s)\dtds, 

e iu t 6 JO Jo 

where *(t,s) = C(«) - w (C(s)) = (x(s) - ty'{s),y{s) + tx'(s)), for s <E [0,T] and s? t < eg e {s). Now, for e 
sufficiently small, we obtain 

det J*(t, s) = -[(x'(s)) 2 + (y'( S )) 2 ] + *(a:'(<0y"(«) - y'(s)x"( S )) = -1 + t(x'( S )y"( S ) - 2/'( S )x"( S )) < 0. 

Hence, 



If 1 

- / htpd£ = - 

Taking i = eg e (s)j3 we have 



T f eg t (s) 

hipdC = - I / h(V(t, s)M^(t, a)) [1 + %'(s)x" (s) - a;'(s)y"(s))] dtda. 
Jo 



T r £ 9e ( s ) 

(t, s))<p(V(t, a)) [1 + t(i/(«)i"(s) - i'(s)|/"(s))] dids 



^0 



h(*(eg e ( 8 )0, s)M*(eg e (s)/3, a)) [1 + e ffe (a)/3(j/'( S )a:"( S ) - x'( S )y"( S ))] g £ {s)d(3ds. 



Jo 



4 



Thus, 



hipd£ — / ixhtp dS 
e J<.> Jon 



g e (s)h(y(s))(p(j(s))ds - / /x(s) h(j(s))(p{j{s))ds 



T r l 



g e (s){h(V(eg e ( S )p, s))tp(V(eg e (s)p, s)) [1 + eg e (s)p(y'( S )x"(s) - x'(s)y"(s))] - h^M^jdpds 

Using the Average Theorem, we can get the following weak convergence for the oscillating functions g e 

1 /•'(•? 



&(•) fi(-) = — J g{;r)dr w* — L°°(0, T), 



for more details see [TJ Lemma 2.3]. Consequently 



lim / g e (s)h(j(s))(p(j(s))ds = fi(s) h(-y(s))f{'y(s))d 



Moreover, since eg e (s)f3 — > 0, as e — > 0, uniformly for {(3, s) G [0, 1] x [0,T], we have 

^ g £ (s){h(*(eg e (s)p, s)M^(eg e (s)(3, a)) [1 + eg e (s)p(y'(s)x"(s) - x'(s)y"(s))} - /i( 7 ( S ))^( 7 (s))}^ds 



o Jo 



as e — > 0. Therefore, 



0, 



as e — > 0. Hence, the proof of equality ( 2 



density arguments, the continuity of the trace operator 7 and Lemma 2.1 



follows from 

□ 



Also, we obtain the following result as a consequence of Lemma 2.1 and [SJ Lemma 2.5] 



Lemma 2.3. Suppose that the family V e satisfies (1.2) and (1.3). Then, for s > |, a > | and s + a > |, i/ we 
de/me the operators P t : H s {fl) ^ (72^(0))' 0?/ 



(P e (u),(p) = - V e U(pd£, /ore>0, and (P (tt),^) 



<)<> 



we /iave P c -» P a in «£f (iJ s (Sl), (H a (Q))'). 



3 Abstract setting 



We initially proceed as [TJ [HI [HI [TO] writing the parabolic problems (1.1) and (1.4) in an abstract form. To this 
aim, we introduce the continuous bilinear forms a e : 1 (SI) x iJ 1 (S7) H> K with e € [0, eo] for some eo > by 



a e (u,v) = / VuVvdxdy + X / uvdxdy-\ — / V £ uvdxdy, < e ^ eo, 
Jq Jn e 



ao(u, v) = I VuVvdxdy + X I uvdxdy + I VoUvdxdy, 
I n Jn Jan 



(3.9) 



6 = 0, 



where the family V e satisfies (1.2) and (1.3). Thus, we can define the linear operators A c : H 1 C iJ _1 (S7) i-> i? _1 (Sl) 
by (A € u,v)_ 1 x = a e (u, v), for all v e i? 1 (SI) and e £ [0, eo]. 

The operators A t can also be considered as going from H 2 ~ a (SY) C i?~ a (S7) into H~ a (fl), for | < a ^ 1. 
Abusing the notation, we will sometimes denote all these different realizations simply by A c . 

Lemma 3.1. There exists A* € K, independent of ^ e ^ e , suc/i £/ia£ the bilinear form a e is uniformly coercive 
in iJ 1 (SI) for all A > A*. Consequently, the operators A e are continuously invertible from H 2 ~ a (Q) into H~ a (il), 
for all e € [0, eo] and h < a ^ 1. 
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Proof. Let us consider the case a e for e > 0. A similar argument gives the result for clq- First, we note that 

1 

c 



a e (<M) > ||V0||^ (n) +A||^ 



(O) 



(V e )_ \<f>f 



(3.10) 



where (V e )_ is the negative part of the potential V e satisfying V e = (V e ), — (V e )_. For the negative part 



Taking I < s < 1 and s — 1 ^ — i, that is, § ^ s < 1, and using the Lemma 2.1 with q = 4, we get 



(F e )_ |0| 2 d£ < C||0|| 2 HS(O) <C\\cf>\\% (n) IMI*^ 



Due to Young's Inequality, we obtain for any (5 > 

1 

c 



Hi(n) 



(3.11) 



Then, it follows from ( pUOfr and ( pPI) ) that 

a e (0, 0) > (A - (1 + C s )) Uf LH n } + (1 - 8) H\\% Ha) 
Consequently, we can take 5 > small enough and A > large enough such that 

a^A)>CU\\ 2 m{U) , V^etf 1 ^). 



Hence, the bilinear form a e is uniformly coercive, and we can take any A > if V e in (3.9). 



□ 



Remark 3.2. For each e e [0,e ], the linear operator A e : H 2 - a (Vl) C H- a (fl) ^ H-°(n) (\ < a ^ 1) is a 
selfadjoint, thus sectorial operator with spectrum contained in the subset (A,oo) C K for A > A* > 0. 

Remark 3.3. For each e € [0,eo], the linear operator A~ l : H~ a (fl) i-> H 2 ~ a (Tl) is continuous and therefore, 
compact as an operator from H~ a (Q) into H 2 ~^(fl), if f3 > a. 

We now define F e : H 1 (D.) \-> H~ a (n), with \ < a < 1, by 



(F {u),4>) := / /i 7 (/(u)) 7 (0)dS and 
Jan 



(F e (u),<f>):=- f(u)<f>d£, with0<e<e o , (3.12) 



for w g i? 1 (J7) and </> € H a (fl), where 7 denotes the trace operator and [i is the mean value of g(s, •) at s € (0, T) 
introduced in (1.5). 



Using the hypothesis (H), we have by Lemma 3.6 below that F e is well defined for each ^ e eo- By results 
in [12] the problems ( |1.1[ ) and (1.4) are "equivalent" to the following abstract form 



ii e (t) + A £ u e {t) = F e {u e {t)). 
tt E (0) = e . 



t > and < e < e 



(3.13) 



As previously mentioned, it is known that the parabolic problems (3.13) are well posed in i? 1 (f2) and, for each 
^ t ^ to, they determine a nonlinear semigroup T e (t)(j) = u t (t,4>), for t > and (j) S i? 1 (fi), associated to 
the equations (1.1) and (1.4). Moreover, under assumption (1.6), the problems (3.13) have a global attractor 
uniformly bounded in L°°{VL) (see [51 112|L 

We now obtain some estimates for the family of operators {j4 e } ee [o i£o ] . 

Lemma 3.4. If | < a ^ 1 then there exists a K(e) ^ 0, K(e) — > as e — > 0, suc/i i/ia£ 

|| (A e - A ) u|| ff -a (n) < K (e) ||Aju|| ff -a ( n), /or a/2 u G ff 2 - a (fi). 
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Proof. This estimate is a direct consequence of Lemmas |2.3| and |3.1| Indeed, by Lemma |2.3[ we have 

1 



((A e - A )u,ip)_ aa = - I V e utpd£- I V uipdS 

6 Juj t JdO. 
= ((Pe - Po) {u),<p)_ a<a < \\Pc - fb||jSf(ffa-«,H-<») IMI/P- Q( Q) |M|tf«(n), 

with \\P e -Po\\&( i tr>-°>,H-«) -> as e -> 0- Sincc Nl.fP-«(Q) < C||Aou|| H - Q(f 2) by Lemma 

Now we get a convergence result for the linear semigroup e~ tA ' as e goes to zero. 
Proposition 3.5. If \ < a ^ 1 i/ien </ie family of linear semigroups e~ tA ' satisfies 



3.1 



the result follows. □ 



IK ( 



(„-tA„ 



*°)ll<C( e )^e 



< f3 ^ 1 



/or f > 0, where b € K can 6e chosen as close to X > X* as needed and C(e) — > as e — > 0. 

Proof. Since -D(yl £ ) = -D(j4q) = -ff 2_a (fi) and the family of operators {A e } ee [ 0jeo ] satisfies Lemma 
the result as a directly consequence of [13j Theorem 3.3]. 



3.4 



we obtain 
□ 



Next we study the behavior of the maps F e defined in (3.12| 



Lemma 3.6. Suppose that (H) holds and \ < a < 1. Then: 
1. There exists k > independent of e such that 

\\F e (u)\\ H - a , Q) < k, Vueff 1 ^) and e e - 

12. For eac/i e eo, i/ie map F t : 1 (11) i— > H~ a (fl) is globally Lipschitz, uniformly in e. 
3. For each u 6 if 1 (17), we have 

\\F e (u) - F (u)\\ H - a(n) ^ 0, ase^O. 
Furthermore, this limit is uniform for u in bounded set of H l (£l). 
4- If u e — > u in H 1 ^), as e — > 0, then 

\\F e (Ue)-Fo(u)\\ H - a(p) ->0, ase^O. 

Proof. 1. For each u € and ^ e ^ eoi we have 

ll^e(«)|| H -a (n) = SUp |(F £ ( U ),0)|. 



lH a (n) " 



Using (H) and the Lemma 2.1 we have that for each < e ^ eo and 4> G H a (fl), 

1 



|/Kx))| z dx 



\<Kx)\*dx\ ^CKU\\ Ha{n) 



We note that C does not depend of e, because the set cj e has Lebesgue measure |cj e | ^ |r e |, where r e is given by 



(2.7) e |r e | = 0{e). Hence, there exists a constant k > independent of e such that 

ll^e(«)|| H -. ( n) < k, V0<e<e o . 
Now, using (H) and the continuity of the trace operator 7 : H a (fl) n- L 2 (<9S1), we get 



\{F (u),4>)\ < ||mIUoo (9 o) ( jf | 7 (/Ki)))rdt 



|7(^))rdx <A-||7(0)|| £a(an ) 



S$ CXI 



lif<*(£2) 



Hence, there exists k > such that 

\\ f o( u )\\h-°>(Q) < k 

2. Let u, v £ and ^ e ^ eo, we have 

\\F e (u) - F e (v)\\ H . Hn) = 



sup \(F e (u)-F e (v),4>)\. 



!=1 



For each < e ^ eo and 4> £ H a (Q), from Lemma 2.1 we have 
\(F e (u)-F e (v),cf>)\ 

sS C 



\f(u(x)) - f(v(x))\ 2 dx 



\4>(x)\ 2 dx 



\f(u(x))-f(v(x))\*dx) UW 



Using (H) and the Lemma 2.1 we have 



\\F e (u) - F e (v)\\ H - a{(1) < C[- \f(0{x)u{x) + (l-6{x))v{x))\ z \u{x)-v(x)\ z dx 



sc CK 



\u{x)-v(x)\ dxj ^CK\\u-v\\ H1{Q) , 

for some ^ 9(x) ^ 1, x £ Si. Hence, there exists L > independent of e such that 

||F e (u)-F e (i;)|| H _ a(n) <i||u-«|| ffl(n) . 
Therefore, for each < e ^ e , F e is globally Lipschitz, uniformly in e. Similarly, F is globally Lipschitz. 

3. Initially, we take a satisfying \ < a a < 1. For each u £ if 1 (SI) and <j> € H a °(Q) 7 we have 



|<F e (tt),$-<F (u),$| = 



f(u(x))cf)(x)dx - / n^(f(u(x)))-y(^(x))dx 



From Lemma 2.2 we get that for each </> £ ff Q °(Sl), 

(F e («),0)-><F o («),0>, ase^O. (3.14) 

Moreover, fixing u £ and using the item 1, we have that the set {F e (u) £ H~ a °(tt) : e £ (0, eo]} is 

equicontinuous. Thus, the limit (3.14) is uniform for <f> in compact sets of H a °(Q). Hence, choosing cto such that 
| < a>o < a < 1, we have that the embedding H a (D.) c — > H a °(Q) is compact, and then, in particular, 

\\F e (u)-F (u)\\ H - a , n) = sup \(F e (u)-F (u),4>)\ -> 0, as e -> 0. (3.15) 

ll*llH«( n) =l 



Now, we will show that the limit (3.15) is uniform for u £ 1 (SI) , |M|#i(ji) ^ R f° r some R > 0. Initially, 



we show that -F e is continuous in if 1 (SI) space with the weak topology. Let u n uq in H 1 ^), as n — > oo. Since 
if 1 (SI) H s (fl) with compact embedding, for s < 1, we have 

u„ — > uq in H s (tt), as n — > cxd. 



For each £ iJ Q (Sl), it follows from Lemma 2.1 that 
|(F £ K)-F £ (u o ),0)| 

v t 

c l 

e 



\f(u n (x)) - f(u a (x))\ 2 dx 



\(f>(x)\ 2 dx 



\f(u n (x)) - f(u (x))\ dx) \\(/)\\ Ha{n) 
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Using (H) and the Lemma 2.1 with i < s < 1, we have for some ^ 9{x) ^ 1, x € f2, that 



^ Ck(^- J \u n {x) — uq(x)\ 2 dx^j ^ Cif ||w„ — u o\\H a (fi) ~ * ®> as n ~~ ^ 00 ■ 

Therefore, for each < e ^ eo, i 7 ^ : if 1 ^) n- H~ a (£l) is continuous in iJ 1 (SI) with the weak topology. 
Hence, F e is uniformly continuous in compact sets of iJ 1 (SI) with the weak topology. We note that the closed ball 
B R (0) = {ue ff x (0) : || 

u llif 1 (n) ^ w ith R > 0, is compact in H^(Tl) with the weak topology. From this and 



(3.151, we get that the limit (3.15) is uniform in -Br(O) 



4. This item follows from 2. and 3. adding and subtracting F e (u). □ 

To obtain the lower semicontinuity of attractors, we also need to analyze the linearized problems. Hence, it is 
necessary to study the properties of the differential of F e . 

Lemma 3.7. Suppose that (H) holds and | < a < 1. Then, for each ^ e ^ eo, F e : 1 (SI) H> H~ a (Sl) is Frechet 
differentiable, uniformly in e, with Frechet differential given by 

F' t : H\n) ^ & (H l {ti),H- a {VL)) 

u* ->■ F^u*) : ff x (n) H> H- a (fl) 
w — > F' t {u*)w 

where J£ (i? 1 (f2), iJ~ Q (S7)) denotes the space of the continuous linear operators from ff 1 (S7) in H~ a (£l), and 
{F^u*)w,</)) := 1 / f {u*)w<t>d£, V^G-H" a (0) and < e < e , 

Jan 



where 7 denotes the trace operator and fi is the mean value given by (1.5 1. 



Proof. From (H), in particular, we have that / e C 2 (M), hence /'(«) € j£?(R), for each ngR. Using this and the 
linearity of integral and of trace operator, we get that for each < e < eo, F' e {u*) £ Jz? (i7 1 (Jl),_ff _Q (r2)), for each 

u* e H x (0). 

Now, we will show that given 77 > 0, there exists 5 > independent of e such that 

||F £ (u*+ W )-F £ (u*)-^(u>|| ff _ Q(f2) sC v\W\m(n), V u> e iJ 1 (S7) with ||H| ffl(n) < & 



In fact, for each < e ^ eo, w £ _ff 1 (0) and 4> S H a (D.), from Lemma 2.1 we have 



|<F e (n* +w) - F e (u*) - F e '(n*K0)| 

1 

< (7 / !/(«*(«) +i«(a:))-/K(a!))-/ / (tt*(a:)Ma:)| 2 da:y Q / \<P(x)\ 2 d. 



^ C 



\f(u*(x) + w(x)) - f(u*(x)) - f'(u*(x))w(x)\'dx U\\ Ha{n) 
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Using (H) and the Lemma 2.1 we have 

\\F € (u* +w)- F e (u*) - F^u*)w\\ H . a{n) 
< c(-l \f'(u*(x)+6(x)w(x))-f(u*(x))f\w(x)\ 2 dx 



sS C 



< C 



' / \f(u*(x) + 9(x)w(x))-f(u*(x))fd:r 



\w(x)\ dx 



I/" [s(x)(u*(x) + 6(x)w(x)) + (1 - s(x))u*(x)]f \e(x)w(xWdx \\w\\ z HHn) 



■ 1 I ' / |w(x)| 4 d:r] ||(r|| /yil , ;i ■', CK ||»'|l,/i,<>, 



(n) 



for some ^ 8(x) ^ 1 and ^ s(x) ^ 1, x € f2. 

Therefore, given 7/ > 0, taking <5 = > we get that for HHIiji(n) ^ ^' 

||F e (n* + w) - F £ (u*) - J^(tt*)«;|| H -„ (n 3 ^ v \W\ H i m • 

We note that S does not depend of e. Hence, for each < e ^ eoi F e is Frechet differentiable, uniformly in e. 
Similarly, Fo is also Frechet differentiable. □ 

Similarly, we can prove the following lemma: 

Lemma 3.8. Suppose that (H) holds and | < a < 1. Then: 

1. There exists k > independent of e such that 

\\F^(u*)\\^ HljH - a) < fc, V^GiT 1 ^) and 0^6^e . 

I?, for eac/i ^ e ^ eq, the map F' e : H 1 ^) i— > Jz? if~ Q (f2)) is globally Lipschitz, uniformly in e. 

3. For each u* 6 if (fi), we ftaue 

||F e V) - -> 0, as e -> 0. 

^. J/u* w* in ff^fi), as e40, i/ien 

||F 6 '«) - ^(u*)||^ (Hl)H _ a) 4 0, as e 4 0. 

5. If u* — !• u* in , as e — > 0, and w e ^ w in as e — > 0, i/ien 

||F e '«H - F^(u*)w\\ H - a{n) ^0, as e 4 0. 

4 Upper semicontinuity of attractors and continuity of equilibria 



The upper semicontinuity of the family of attractors {^ e } ee [o jeo ] of (1.1 1 and (1.4) is easily obtained using the 
results of [IB] . 

Proposition 4.1. Suppose that (H) holds. Then there exists e > such that: 
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1. The problems (1.1) and (1-4) have a global attractor s/ e in H x (£t) for each e eo. Moreover, there exists 
R > independent of e such that 



sup sup ||u|| ff i ( n)nz,-(n) 



In particular, £?q attracts U e e(o e ] s ^ t ^ n (^)- 

2. Let < r < oo and B C H (0) be a bounded set. For each ^ e eo, let (f ^ i? 1 (f2) smc/i t/ia£ ^ 

in i? 1 (r2) ; as e — > 0, 0° G £>. Then, there exist M(t) > and a function C(e) ^ 0, wii/i C(e) 
e — > 0, such that 

||T e (t)^-T°(t)0 o || ffl(n) <M(r)C(e)*-T, /orte (0,t], 

/or some 7 € (0, 1). 



-> 0° 
-> as 



5. XTie family of global attractors of (1.1) and (I.4), {■ e 4}ee[o,e b * s upper semicontinuous at e = m if (Q): 

sup inf {||u c - uollijimj 0, as e ->• 0. 



Proof. It follows from Lemma 3.4 Proposition 3.5 and p~3l Theorem 3.9] (in the last reference, thought not explicitly 
stated, the upper semicontinuity was proved in the phase space X a ). □ 

For the lower semicontinuity of the attractors, we need to consider the set of equilibria of the parabolic problem 



(3.13 1, which is the abstract version of (1.1 1 and ( 1.4 1. The equilibrium solutions of ( 1.1 ) and ( 1.4 1 are the solutions 
of the respective abstract elliptic problems 



A e u e = F e (u e ), 
A u = F Q (u ), 

Define G e : H 2 - a (fl) ^ H- a (tt), with | < a < 1, by 



< e e 
e = 0. 



G e (u) := A t u-F e {u). 

It follows from Lemma [3. 7| that G c is Frechct differentiable. 
The set of solutions of ( |4.16[ ) and (4.171 is then given by 



(4.16) 
(4.17) 



(4.18) 



6. 



{ueH 2 - a (fl) : G t {u) =A e u-F e (u) = 0} , e G [0, e ] 



Due to the gradient structure of the flow generated by (3.13), its attractor is the unstable manifold of the set 
<§ t (see [8], for details). In particular, we must have <§ t 7^ 0. Also, it follows from the regularization properties of 
the elliptic operator A e that S e is a compact subset of iJ 1 (fi). 

The upper semicontinuity of the family of equilibria {^} e6 ro eo i at e = in 1 (£1) is a direct consequence of 
Proposition 4.1 Indeed, if {u c } ee [o !eo ] is a family of equilibria, we can extract a convergent subsequence in H (SI) 



by item 3 of Proposition |4.1| Thus, using item 2 of Proposition |4.1[ we can conclude that the limit function belongs 
to the set of equilibria <§q. Hence we have: 

Theorem 4.2. Suppose that (H) holds. Then, the family of equilibria {<^}ee[o,e ] * s upper semicontinuous in H (SI), 
ate = 0. 

To get the lower semicontinuity of the family of equilibria, we assume an additional assumption. 



Definition 4.3. We say that the solution u* of (4. 16) and [4-11) is hyperbolic if zero does not belong to the spectrum 
set of the operator A e — F' e (u*) ; that is, ifO ^ o-(A e — F^(u*)). 
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Proposition 4.4. Suppose that (H) holds. If all points in Sq are isolated, then there is only a finite number of 
them. Moreover, if Uq is a hyperbolic solution of (4-11), then Uq is isolated. 

Proof. Since So is compact, we only need to prove that hyperbolic equilibria are isolated. Now observe that Uq is 
a hyperbolic solution of (4.17) if and only if it is a regular point of the function G c , defined by (4.18). Since G e is 
Frechet differentiable, the result follows from the Inverse Function Theorem. □ 



Theorem 4.5. Suppose that (H) holds and that Uq is a hyperbolic solution of H.ll). Then, there exist eo > 
:h that, for each < 
onjji(n) ^ Furthermore, 



and S > such that, for each < e ^ eo, the equation (4-16) has exactly one solution, u* t , in {v G H 1 ^) 

u* -t Uq in as e ->• 



In particular, the family of equilibria {(? € } e6 [ e i is lower semicontinuous at e = in H 1 ^). 
Proof. Consider the function G : [-e ,e ] X H 2 - a (n) i-> H- a (n), with | < a < 1, by 

G(e,u) := G e (u) if e > 0, 
:= G (u) if e 0. 

Since G is Frechet differentiable in u and continuous in e, the result follows from the Implicit Function Theorem 
(see [TQ Theorem 9.3-Chapter 4]). □ 



m of solutions, Uq 1 , ...,Uq m , and there exists 6q > such that, for each < e e , ^ e equation (4.16) has exactly 
to solutions, u* el ,...,u* 



Theorem 4.6. Suppose that (H) holds. If all solutions Uq of (4-11) are hyperbolic, then i4.ll) has a finite number 

m , and there exists 
Moreover, for all i = 1, to, 

m* A — > Uq j in if (f2), as e — >• 0. 

Proof. The proof follows from Proposition |4.4| and Theorem |4.5| 



□ 



5 Lower semicontinuity of attractors 



We are now in a position to prove our main result, the lower semicontinuity of attractors of the parabolic problem 



(3.13). This will follow from the continuity of the local unstable manifolds and the gradient structure of the flow. 



We already know that if all equilibrium points of (1.4) are hyperbolic, then there is only finite number of them, 
that is, S — {u^ lf Uq m }, and there exists e > such that, for each < e ^ e , the set of equilibria of ( 1.1 ) has 
exactly m elements, say S e — {u* el , ...,u* m }, and u* i — > Uq i in 1 (O) , as e — > 0, for i — l,...,m, by Theorem 
For each u* ti € <o e , with e G [0, cq] an d i = 1, to, we define its unstable manifold 



4.6 



W u (u* }i ) = {q e H 1 ^) : there is a global solution £ : R h-> H 1 ^) of ( |3.13[ ) with £(0) = r\ 
such that £(t) -> u*j in i? 1 (ri), as t -> -oo} , 



and its (5-local unstable manifolds as 



W s( u W = {*! e c : ther e is a global solution £ : K i-> jj^fi) of ( |3.13[ ) with £(0) = n 

such that e V i 0, and £(t) -> w*^ in F 1 ^), as t -> -oo} . 

For further properties of local unstable manifolds, see [S]. 

We will show that the local unstable manifolds of u* i , for each i = 1, m fixed, behave continuously with e in 
using [13l Theorem 5.2], where abstract results on continuity of attractors were obtained. First, we need 
the following result: 
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Lemma 5.1. Suppose that (H) holds and let {it*} ee (o !lSo ] € 1 (SI) be a sequence of equilibria of (3.13) such that 
u* — > Uq in H 1 ^), as e — > ; where Uq G iJ 1 (S7) is an equilibrium point of (3.13) with e = 0. Define the function 
F : ff x (Q) x [0,e ] H- a (Cl), with | < a < 1, by F(u,e) := F e (u), foru € if 1 (ft) and e € [0,e ] ; where F e is given 
in (3.12). Then, F is continuous, F e is C , the partial derivative F u (-, e) is continuous at (u, 0) for all u € H 1 ^), 
and F(ul + w, e) = A e u* c + F u (u*, e)w + r(w, e), for all e € [0, eo]. Also, for some p > 

sup \\r(w,e) - r(w,0)\\ H - a / Q \ 4: C(e), with C(e) -> as e ->• 0, 

||r(u>i,e) -r(w 2 ,e)|| ff _„ (0) < fc(p) || - iu 2 || H i(n), for ||wi|| H i (n) ^ p, \\w 2 \\ H i {n) < p, k(p) ->■ as p -> 0, and 
fc(-) is nondecreasing. 



Proof. From Lemma 3.6 we have that F is continuous at (u, 0) for all u € Also, the continuity of F at (u, e) 

for e 7^ and u € i? 1 (fi) is immediate. 

Using Lemma [3~7| we get that F is Frechet differentiable in the first variable u. Now, from Lemma [3. 8| we have 
that the partial derivative F u is continuous at (u,0) for u 6 H 1 ^). Moreover, since F e : iF(fi) i-> H~ a (il) is 
Frechet differentiable, uniformly in e, we have 

F c (u* + w) - F e (u* e ) = F^(u* e )w + r(w, e), 

with r(0,e) = 0. Now, u* is an equilibrium of ( 3.13[ ), that is, A e u* = F e (it*), hence 

F e (u* +w) = A £ u* + F(:(u* e )w + r(w,e). 

For each w € H 1 ^) we have 



\\r(w,e)-r(w,0)\\ H - a{n) 

\\F e (u* e +w)- F (u* + w)\\ H - a , n) + \\F e (u* e ) - Fo(u* )\\ H - a(a) + ||F £ '«) W - F^u* )w\\ H 



From Lemma 13.61 we have 

\\F e (u* € )-F (u* )\\ H . Hn) ^0, 
Moreover, due to Lemma 13.61 we have 



as e — > 0. 



*(fi) 



\\F e (u* e +w)- F (u* + w)\\ H - a{n) sc ||F« +w)- F e (u* Q + u;)|| ff _«, (n) + \\F e (u* +w)- F (u* Q + w)\\ H . 



s$ l\\u: 



oWhHQ) + \\ F e(K + W)- F (u* + w)\\ H - a 



(CI) 



0. 



as e — > 0, 



uniformly for w € such that ll^H^yim) ^ P f° r am/ P > 0. Now, from Lemma 



3.8 



we have 



IF, 



t(u*)w - FoKHIff-"^) < ||F e '«) - F^u* ) \\^ {H i (n ),H-°(n)) \\ w \\m(n) ~> °> 



as e — » 0. 



Therefore, supy w y Hl(n)<p ||r(w,e) - r(w,0)|| H _ a(n) < C(e), with C(e) ->■ as e ->• 0. 

Finally, let wi,w 2 G such that ||wi||#i(Q) ^ P and H^H^-i/™ ^ P- Using the Mean Value's Inequality 

and Lemma |3~8"1 wc have that there exist ^ s ^ 1 and L > independent of e such that 



||r(u>i,e) - r(w 2 , e)\\ H - a{n) = \\F e (u* e + w x ) - F € (u* e + w 2 ) - F<(u* e ) Wl + F^ut)w 2 \\ H ^ {n) 

^ + w i) + (1 - s )« + W 2))K - w 2 ) - F £ '«)K - u>a)|| ff - { n) 

< ||F e '« + swi + (1 - s)w 2 ) - ^«)||jsf(Hi( £ 2),jj-c(n ) ) \\wi ~ W2\\ H i m 

^ L\\sw t + (1 - s)w 2 \\ mm ||wi - ^2||jji(n) < 2Lp\\ Wl - w 2 || H i(n) ■ 

Taking K(p) = 2Lp we obtain the results. 



□ 



From Lemma 5.1 and using j 1 31 Theorem 5.2], we obtain the continuity of the local unstable manifolds near an 
equilibrium of (3.13|. More precisely, we have: 
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Theorem 



s a hyperbolic equilibrium point of {3. 13 ) with e = 0. By 
4-5. there exists e > such that (3.13) has an unique equilibrium u* € H (Cl) in a small neighborhood of 



Proposition 5.2. Suppose that (H) holds and that 



Uq, for all < e ^ eo, with u* — > Uq in H (Cl), as e — > 0. Then, there exists 5 > smc/i i/iai 

W o|| H i(J2)+ SU P JK-Woll-Wiffi) ^ °' 



sup inf 1 1 u t 



as e 



Now, we get the main result of this paper: 



Theorem 5.3. Suppose that (H) holds and that every equilibria of (3.13) with e = is hyperbolic. Then, the family 
of global attractors of (3.13), {^}e£[o,e ]j is lower semicontinuous at e = in H (Cl). 

Proof. Initially, we observe that the nonlinear semigroup T (t) is a gradient system, T e (t) is asymptotically smooth 
and orbits of bounded sets are bounded, for any e G [0, eo]. Moreover, T e (t)cj) is continuous at e — 0, uniformly with 
respect to (t, <f>) in bounded sets of K + x see Proposition 4.1 

Now, let us consider the operator L t (u*) — A e — F' e (u*) given by the linearization of (4.16) at a hyperbolic 



equilibrium it* € S e . Due to Lemma |3.8| we can argue as in Lemma 3.4 to prove that there exists (7(e) ^ 0, 
C(e) — > as e — > 0, such that 

|| (L 6 (u*) - Lo(u*)) u|| ff - (n) ^ 6(e) \\A u\\ H - a{n) < (7(e) ||Lo(u>IU-(i>) 

for all it € H 2 ~ a (fl). Hence, using [13l Theorem 3.3], we have that the resolvent operators L c (u*) _1 converge to 
L (u*) 1 in operator norm. 



As we have seen above, if all equilibrium points of (3.13) with e = are hyperbolic, then Sq = {u^ 1; ...,Wg m } is 
finite and there exists eo > such that <§ € = {u* 1; u* m }, for all < e ^ eo, with u* i — > Uq i in iJ 1 (f2), as e — > 0, 
for all i = 1, ...,m, see Theorem 4.6 Thus, for each i — 1, ...,m, we get from the convergence of u*^ to i that 
L e (u* i )~ 1 w e converges to Lo(wo\i) - W in as e — ► 0, whenever w e —> w in H~ a (fl), as e — >• 0. 

Consequently, the hyperbolicity of Uq i implies the hyperbolicity of m* i5 for all i = 1, m and e € (0, eo], with 



eo sufficiently small. Moreover, from Proposition |5.2| we also have the continuity of the local unstable manifolds of 
w* j, for each i = 1, m fixed. 

With these considerations, the result follows from [HI Theorem 4.10.8]. Note that it also is a consequence form 
[H Theorem 3.10]. □ 
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